Abstract. We determine the twistor deformation of rank one local systems on compact Kaehler manifolds which correspond to smooth twistor modules of rank one in the sense of C. Sabbah. Our proof is rather elementary, and uses a natural description of the moduli space of rank one local systems together with the canonical morphism to the Picard variety. The corresponding assertion for smooth twistor modules of rank one follows from the theory of C. Simpson and has been known to the specialists, according to T. Mochizuki.
Introduction
Let X be a compact Kähler manifold of dimension d. Set n := dim H 1 (X, O X ). There is a canonical morphism (0.1) ρ : Hom H 1 (X, Z) fr ,
where the first isomorphism is given by choosing free generators {γ i } of H 1 (X, Z) fr := H 1 (X, Z)/H 1 (X, Z) tor .
Note that the source of ρ is the identity component of the moduli space of rank 1 local systems H 1 (X, C * ) = Hom H 1 (X, Z), C * , and the latter is the product of this identity component with a finite group by choosing a splitting of the torsion subgroup H 1 (X, Z) tor . This finite group is identified with H 2 (X, Z) tor , and can be neglected for the study of the kernel of the canonical morphism to the moduli space of line bundles. The C-local systems of rank 1 on X are uniquely determined up to an isomorphism by the monodromies λ i ∈ C * along the free generators γ i , where the monodromies along torsion elements of H 1 (X, Z) are assumed trivial.
The target of ρ is defined by (0.2) Pic 0 (X) := H 1 (X, C)/ Γ(X, Ω 1 X ) + H 1 (X, Z(1)) .
This is the moduli space of topologically trivial holomorphic line bundles on X by using the exponential sequence as is well-known, where Z(1) := 2π √ −1 Z, see [De2] . (Note that H 1 (X, Z) is torsion-free.) It is easy to see that (0.
3) The morphism ρ is a surjective morphism of complex analytic Lie groups.
(See Propositions (1.1-2) below.) Consider the morphism (0.4) σ : Γ(X, Ω 1 X ) ∋ θ → exp − γ 1 θ , . . . , exp − γ 2n θ ∈ (C * ) 2n .
In this paper, we show the following.
Theorem 1. We have
Actually the proof of Theorem 1 turns out almost trivial (up to the verification of the compatibility of some canonical morphisms) although the minus sign in the definition of σ in 1 (0.4) does not appear here, see (2.2). The first proof of Theorem 1 used the reduction to the abelian variety case via the Albanese map, and solved a certain differential equation, where we get the minus sign as in (0.4), see (2.1). By Theorem 1 and (0.3), we get the following.
It is rather easy to show that there is a unique rank 1 unitary local system η in ρ −1 (ξ) (see Proposition (1.3) below), and we may assume that λ is this element. Corollary 1 is closely related to the theory of C. Simpson, see Example after Prop. 1.5 in [Si1] , where he assumes dim X = 1. His C * -action on Higgs line bundles (L, θ) seems to be defined by (L, tθ) (t ∈ C * ) where θ ∈ Γ(X, Ω 1 X ) is the Higgs 1-form. In terms of the moduli space of rank 1 local systems, it is then given by
where η ∈ (C * 1 ) 2n is the rank 1 unitary local system corresponding to the line bundle L. Note that Re(θ) := (θ + θ)/2 is the real part of θ, i.e., the image of θ by the canonical morphism
and the exponential map is equivalent to the passage to the quotient by H 1 (X, Z (1)). On the other hand, we have the twistor deformation of a rank 1 local system, i.e., a holomorphic family of rank 1 local systems on X parametrized by z ∈ C * , which corresponds to a smooth twistor module of rank 1 in the sense of C. Sabbah [Sa] (where the local system at z = 1 is the given local system), see also [Si2] , [Si3] . The following has been informed from T. Mochizuki [Mo] :
Theorem 2. The smooth twistor module of rank 1 associated with a Higgs line bundle (L, θ) can be expressed by using the holomorphic family of connections
where ∇ h is the unitary connection on the underlying C ∞ line bundle of L associated with a pluri-harmonic metric h.
This follows from the theory of Simpson ([Si2] , Thm. 4.3) and has been known to the specialists, according to Mochizuki. By translating Theorem 2 to an assertion on local systems (see Remark (1.5) below), we get the following.
Theorem 3. The twistor deformation, i.e. the family of rank 1 local systems associated with the twistor module corresponding to a Higgs line bundle (L, θ) is written as
where η is as in (0.7).
We give a proof of Theorem 3 using the moduli space of rank 1 local systems together with the morphism to the Picard variety, see (2.3) below. This is rather elementary, and seems to be relatively easy to follow even for non-experts of harmonic bundles.
By Theorem 1, considering the images of (0.7) and (0.8) in the moduli space of line bundle (i.e. in the Picard variety) is equivalent to forgetting the holomorphic terms tθ and z −1 θ. Hence these images coincide up to the complex conjugation of the parameters (i.e. by setting z = t). Note that z −1 θ + z θ in (0.8) cannot be replaced with z θ + z −1 θ as someone might think, since z −1 θ does not converge at z = 0 if θ = 0 (by considering its image in the Picard variety by using Theorem 1, see the proof of Theorem 3 in (2.3)).
We would like to thank those who are interested in this manuscript, especially Professors T. Mochizuki and C. Sabbah who informed us of the relation with the theory of Simpson ([Si1] , [Si2] , [Si3] ) and also with that of twistor modules.
In Section 1 we review some well-known facts from the theory of rank one local systems. In Section 2 we prove the main theorems.
Preliminaries
In this section we review some well-known facts from the theory of rank one local systems.
1.1. Proposition. The morphism ρ in (0.1) is a morphism of complex analytic Lie groups.
Proof. For a contractible Stein manifold S, the exponential sequence induces a long exact sequence
by applying the Leray spectral sequence to pr 2 : X×S → S. So a topologically trivial holomorphic line bundle on X×S gives a section of a locally free sheaf
This implies that ρ is complex analytic since the universal family of rank 1 local systems can be constructed by dividing the trivial line bundle on the product of the universal covering of X with (C * ) n , and this gives a holomorphic family of line bundles. The compatibility with the multiplicative structures is trivial since these are defined by using the tensor product.
Proposition. The morphism ρ is surjective.
Proof. We have the commutative diagram (1.2.1)
where α is surjective by Hodge theory. Moreover, by the universal coefficient theorem we have a canonical isomorphism
(since C * is an injective Z-module), and ρ can be identified with a restriction of β. So the assertion follows.
The above argument can be modified to get the following (which implies that there is a unique unitary local system of rank 1 in each fiber of ρ).
1.3. Proposition. Set C * 1 := {λ ∈ C * | |λ| = 1}. We have a canonical isomorphism
Proof. This follows by replacing the first exact sequence in (1.2.1) with the long exact sequence associated with the exponential sequence
1.4. Albanese maps. For a compact Kähler manifold X of dimension d, its Albanese variety Alb(X) is defined by
where H 2d−1 (X, Z) fr := H 2d−1 (X, Z)/torsion. Choosing a point x 0 of X, the Albanese map α X : X → Alb(X) can be defined by using the integrals
where
is identified with the dual of H 0 (X, Ω 1 X ) and we have by Poincaré duality
Setting Y := Alb(X), this construction implies an isomorphism
and hence
1.5. Remark. The translation between Theorems 2 and 3 consists of the calculation of the global monodromies of the C ∞ connection
By using the tensor product of connections, this can be reduced to the case L = O X and ∇ h = d. Then the monodromies are calculated by using the pull-back of the connection by smooth paths representing generators of H 1 (X, Z) fr .
Proof of the main theorems
In this section we prove the main theorems.
2.1 First proof of Theorem 1. By (1.4), the assertion is reduced to the case where X is a complex torus of dimension n. We have the universal covering π : X → X, and X has a natural structure of a C-vector space. Choosing a basis we have X = C n . We also choose generators γ i (i ∈ [1, 2n]) of H 1 (X, Z) which correspond to generators ω i of Ker π ∼ = Z 2n ⊂ C n . Then the problem is about an integrable holomorphic connections on a trivial line bundle on X, see [De1] . Let v be a nonzero global section of a trivial line bundle over X. This is unique up to a nonzero constant multiple. Let ξ j (j ∈ [1, n]) be the invariant vector field on X with π * ξ j = ∂/∂x j where the x j are the natural coordinates of C n . Then a holomorphic connection ∇ is uniquely determined by c j ∈ Γ(X, O X ) = C satisfying (2.1.1)
where the integrability trivially holds since c j ∈ C. This c j is independent of the choice of v. The connection ∇ can be written as
where θ is the Higgs one-form with π * θ = i c i dx i in this case, see [Si1] for the general case of Higgs fields.
The monodromy of the corresponding local system is given by solutions of the differential equation on X (2.1.3)
which comes from
The pull-back of the differential equation to X = C n is given by (2.1.4) ∂f /∂x j = −c j f.
This has nontrivial solutions on X = C n of the form:
with c, x := n j=1 c j x j and a ∈ C * .
Setting a = 1 so that f (0) = 1, the corresponding point of (C * ) 2n is then given by
where the ω i are generators of Ker π ∼ = Z 2n ⊂ C n corresponding to γ i ∈ H 1 (X, Z). We thus get a family of rank 1 local systems L c on X whose associated line bundles L c := O X ⊗ C L c are trivial. This is parametrized by c = (c 1 , . . . , c n ) ∈ C n . So Theorem 1 follows from (2.1.6). (This argument can be extended to the case of any topologically trivial line bundles by replacing the differential d with the connection ∇ associated to a unitary local system of rank 1.) 2.2 Simple proof of Theorem 1. The morphisms σ and ρ can be identified respectively with the compositions of canonical morphisms
So the assertion follows.
Proof of Theorem 3.
Associated with a smooth twistor module of rank 1 on X, we have a twistor deformation, i.e., a holomorphic family of rank 1 local systems on X parametrized by C * . (Note that a smooth twistor module means that it corresponds to a local system.) Set
Any twistor deformation is expressed by using a multi-valued holomorphic function on C * with values in V :
where η 0 ∈ Γ, {θ k } is a basis of Γ(X, Ω 1 X ), and g k (z), h k (z) are holomorphic functions on C * . In fact, taking the exponential map is equivalent to the passage to the quotient by Γ, see the remark after (0.7). Hence a twistor deformation is expressed by some multi-valued holomorphic function Ψ(z) on C * with values in V , and Ψ(z) − (2πi) −1 (log z) η 0 is univalued for some η 0 ∈ Γ by considering its monodromy, since Ψ(z) is well-defined modulo Γ. So (2.3.1) follows.
By the definition of twistor modules (see [Sa] ) the underlying holomorphic family of line bundles is extended over C. Hence η 0 = 0 and the h k (z) are holomorphic at z = 0 by considering the image by the morphism to the Picard variety where the (1)) is holomorphic at z = 0 if and only if Ψ(z) mod Γ(X, Ω 1 X ) is. Moreover, the latter condition is equivalent to that η 0 = 0 and the h k are holomorphic at z = 0.) As for the g k , we see that the zg k (z) are holomorphic at z = 0 by the definition of twistor modules in loc. cit. (considering the corresponding holomorphic family of connections). We thus get
From the polarizability of twistor module which is a kind of Hermitian self-duality, we can deduce
Here the right-hand side is obtained by calculating the Hermitian dual (which produces the complex conjugation on the values together with the minus sign) and applying the "complex conjugation" defined by z → −1/z, see loc. cit. Set
Then (2.3.2) implies
and
since mod Γ affects only the constant term. We thus get
Here ζ −ζ (mod Γ) is identified with a rank 1 unitary local system η. This corresponds to the line bundle L by considering the limit for z → 0 in the Picard group (by using Theorem 1) and comparing this with (0.7). Moreover ξ coincides with the Higgs 1-form θ of the Higgs line bundle (L, θ) by comparing (0.7) and (0.8) (with θ replaced by ξ) at z = 1. So the assertion follows from (2.3.3).
2.4. Hodge spectral sequence. For a local system L c in (2.1) (which is identified with a local system on the given Kähler manifold X by (1.4.3)), we have the Hodge spectral sequence
. This does not degenerate at E 1 , for instance, if c is nonzero and belongs to the kernel of ρ in the notation of Theorem 1, since H j (X, L c ) = 0 for any j. Indeed, H j (X, L c ) is calculated by using the Koszul complex associated with the multiplication by λ i − 1 (i ∈ [1, 2n]) on C where λ i = e − c, ω i is the monodromy along the path γ i . (For the proof of the E 1 -non-degeneration, it is actually enough to compare H 0 (X, L c ) and H 0 (X, L c ) in this case.) The E 1 -differential d 1 is given by the Higgs one-form θ, and we have
Hence the E 2 -term vanishes in this case, and in particular, the spectral sequence degenerates at E 2 .
of the nearby cycles in the normal crossing case in loc. cit., Lemma 3.7.9. In fact, it seems to assert that the primitive part of the ℓ-th graded piece of the monodromy filtration of the nearby cycles of M X for the function f = x 1 x 2 is given by
(Here the monodromy is unipotent, and ψ f,−1 is denoted by ψ f to simplify the notation.) Indeed, we get the above formula from the one in loc. cit., if we set x 2 )M X , see Lemma 3.7.8 in loc. cit., where x 1 x 2 M seems to mean rather (x 1 , x 2 )M. However, it is quite unclear why we get naturally the shift of weight for ℓ = 1. Notice that the weight of a twistor module can be changed arbitrarily since the Tate twist (i/2) for i ∈ Z exists in twistor theory. However, the Tate twist (−1/2) should be noted explicitly after (i Z ) + M Z in the above formula for ℓ = 1, and it should be clarified where this Tate twist comes from.
There is also a problem about the shift of the monodromy filtration on the nearby and vanishing cycle functors. In the minimal extension case, the vanishing cycle functor ϕ f is identified with the image of N on the nearby cycle functor ψ f (restricted to the unipotent monodromy part). Then the monodromy filtration on the nearby cycles must be shifted by 1 in order that the morphism can : ψ f → ϕ f induce isomorphisms between the primitive parts of the graded pieces of the monodromy filtration (except for the lowest degree). In fact, this is clearly impossible without shifting the center of the symmetry for one of them since the canonical morphism "can" must preserve the weights. But the filtration on the vanishing cycles cannot be shifted by considering the case where the module is supported inside the divisor. So we have to shift the monodromy filtration on the nearby cycle functor by 1.
The above problems can be solved rather naturally if one thinks, for instance, that the weights decrease by the codimension under the direct images by closed immersions. In the above case it is natural to put the Tate twist (−1) after M Z , since we get M Z for the co-primitive part naturally. This is closely related with the inclusion of twistor modules It is expected that the weight filtration W on M Y satisfies:
In fact, this should be closely related with
where U := X \ Y with the inclusion j : U ֒→ X. Indeed, there should be a short exact sequence of twistor modules on X
Note, however, that there is no nontrivial morphism of twistor modules on X:
and we have only an element in the extension class, i.e.
This comes from the difference in t-structure for constructible sheaves and D-modules.
